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Anomalous charge tunneling in the fractional quantum Hall edge states at filling factor i/ = 5/2 
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We explain effective charge anomalies recently observed for fractional quantum Hall edge states at 
f = 5/2 [M. Dolev, Y. Gross, Y. C. Chung, M. Heiblum, V. Umansky, and D. Mahalu, Phys. Rev. B. 81, 
161303(R) (2010)]. The experimental data of differential conductance and excess noise are fitted, using the 
anti-Pfaffian model, by properly take into account renormalizations of the Luttinger parameters induced 
by the coupling of the system with an intrinsic 1 // noise. We demonstrate that a peculiar agglomerate 
excitation with charge e/2, double of the expected e/4 charge, dominates the transport properties at low 
energies. 

PACS numbers: 71.10.Pm,73.43.-f,72.70.+m 



Introduction.-Since its discovery fl'], the fractional 
quantum Hall (FQH) state at filling factor u = 5/2 has 
been subject of intense investigations. Many proposals 
have been introduced in order to explain this exotic even 
denominator, ranging from an Abelian description to 
more intriguing ones which support non-AbeUan excita- 
tions, like the Moore-Read Pfaffian model flH] or its par- 
ticle - hole conjugate, the anti-Pfaffian model The pos- 
sible applications for the topologically protected quantum 
computation of non- Abelian excitations aroused even more 
interest for this FQH state [6]. 

In these models the excitations have a fundamental charge 
e* = e/4: (e the electron charge). This fact has been 
experimentally supported by bulk measurements [7] and 
with current noise experiments through a quantum point 
contact (QPC) geometry f^, successfully applied for other 
FQH states [9, . 101 . Very recently, measurements were re- 
ported iTHl for v = 5/2 where the e/4 charge value is 
observed at high temperatures, while at low temperatures 
the measured charge reaches the unexpected value e/2. 
Analogous enhancement of the carrier charge has been al- 
ready observed fio', ^2] and theoretically explained (]3\ 
in other composite FQH states belonging to the Jain se- 
quence. However, there is still no interpretation of this phe- 
nomenon in the u = 5/2 state. 

In this letter we propose an explanation for these puzzling 
observations, showing that a different kind of excitation, 
the 2-agglomerate, with charge double of the fundamental 
one dominates the transport at low energies. This excitation 
cannot be simply interpreted in terms of a bunching phe- 
nomena of single-quasiparticles due to the non-Abelian na- 
ture of the latter. We will consider the anti-Pfaffian model, 
despite the presented phenomenology could also be consis- 
tent with other models. In the anti-Pfaffian case three fields 
are involved, one charged and two neutral (one boson and 
one Majorana fermion). The key assumptions of our de- 
scription are the finite velocity of neutral modes and the 
presence of renormalizations due to the interaction with the 



external environment. Among all the possible mechanisms 
leading to a renormalization of the Luttinger parameters 
lfl4l [l5n we focus on the effects induced by the ubiquitous 
out of equilibrium 1// noise in presence of a dissipative 
environment |fl6l|. 

Our predictions show an excellent agreement with exper- 
imental data on a wide range of temperatures and voltages, 
demonstrating the validity of the proposed scenario. 

Model.- The edge states of v = 5/2 in the anti-Pfaffian 
model are described as a narrow region at = 3 with 
nearby a Pfaffian edge of holes with v = 1/2 Jsj]. Con- 
sidering the second LL as the "vacuum", the edge is mod- 
eled as a single 1^ = 1 bosonic branch ipi and a counter- 
propagating u = 1/2 Pfaffian branch [4], composed of 
a bosonic mode and a Majorana fermion tp. The La- 
grangian density is £edgc = £i + £2 + + C12 + £,dm 
with (h = 1) 



d^ipj {rijdt - Vjd^ 



j = l,2 (1) 



chiral Luttinger liquid (xLL) with interaction parameters 
Vj = 1/j and velocities Vj. The chiralities are ijj = 
(—1)^+^ with rj = 1 (rj = —1) for a co-propagating 
(counter-propagating) mode. The interaction between the 
two bosonic modes is C12 = —{vi2/27T)dx:^idx^P2 with 
V12 the coupling strength. The term = iip{dt +v^dx)ip 
describes a Majorana fermion propagating with velocity 
v^. We also need to include in the Lagrangian a disor- 
der term = C(x)V'e''^i+*2'^=^ + h.c. to describe the 
random electron tunneling processes which equilibrate the 
two branches. The complex tunneling amplitude sat- 
isfies = W5{x — x'). These processes bring 
the edges to equilibrium, recovering the appropriate value 
of the Hall resistance, in analogy with what happen for 

u = 2/3d\Bi. 

When the disorder term £idm is a relevant perturba- 
tion the system is driven to a disorder dominated phase 
fsj]. At this fixed point the system naturally decouples in 
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a charged bosonic mode with velocity Vc and in two neu- 
tral counter-propagating modes (one bosonic and one Ma- 
jorana fermion) with velocity v^. Numerical calculations 
suggest f„ < Vf. llSll . Related to these velocities, there 
are the energy bandwidths Wc/n = Vc/n/o-, with a a fi- 
nite length cut-off. The charged mode bandwidth Uc corre- 
sponds to the greatest energy in our model, and is assumed 
to be of the order of the gap. Note that in £12 one has terms 
that renormalize the neutral and charge mode velocities and 
terms representing a coupling between charge and neutral 
modes that become irrelevant in this phase IplflTll. 
At the fixed point the Lagrangian density becomes iH 

ZTT 47r 

+iV + Vnd^i') (2) 

with the charged bosonic mode ip^ = (fi + 922 related 
to the electron number density p{x) = dx^cix)/2TT 
and the neutral counter-propagating mode ip^ = (pi + 
2(^2- These bosonic fields satisfy ^ipc/n{x), (pc/n{y)] = 
Z7rz^c/nSgn(x - y) (u^ = 1/2, = -1). 

To make the model more realistic, we take into ac- 
count the effect of the composite nature of the edge in- 
teracting with an active substrate and the electrical en- 
vironment. We consider first the ubiquitous 1/f noise 
that affects every electrical circuit and that can be gen- 
erated by trapped charges in the substrate [[l9ll . If these 
charges are localized near the edge they generate an out 
of equilibrium noise ifl^ affecting the two bosonic fields 
(fi and in different ways. We introduce two random 
sources fi coupled to the edge densities d^fi, with La- 
grangian £1// = (l/27r) ^^^^ 2 /j(9^99, and correlators 

{Mq,uj)f*{q,cj)) = Fi/\uj\, with* = 1,2 0. Di- 
mensional analysis shows that the 1 // terms are relevant 
perturbations, with Fi massive parameters. The external 
non-equilibrium noise sources heat the system, therefore 
the stationary condition has to be maintained by the en- 
vironment through a dissipative cooling mechanism. We 
model this by means of two baths with dissipation rates tji 
and 7/2 coupled respectively with ipi and (^2- These dissipa- 
tive terms called >Cbath li2Ql are relevant perturbations with 
massive coupling constants r]i. Generalizing the discussion 
of Dalla Torre et al. in Ref. [16] to a xLL case, one can 
show that, if those terms are sufficiently weak Fi,r]i — > 0, 
in comparison to the other energy scales, but the ratios 
Fi /rji remain constant, they become marginal and their ef- 
fect is to modify the Luttinger liquid exponents only. It is 
worth to note that this result is robust also in presence of 
counter-propagating modes, and that the considered mech- 
anism doesn't affect the Majorana fermion. 

Interestingly the discussed renormalization mechanism 
is robust against the introduction of disorder that doesn't 
modify the relevance of the massive terms Ci/f and >Cbatii- 
Consequently we can consider the effective Lagrangian 
density on Eq. (|2]l, but with bosonic fields presenting renor- 
malized xLL dynamical exponents. Therefore the bosonic 



Green's function are {ipj{t)(pj{0)) = gj\i^j \ In (1 + iujt) 
with 5, = g,{F,/7]„F2/7]„F,/F2) > l(j = c,n). A 
dialled derivation of these facts will be given elsewhere 
i2lll . Obviously the renormalizations affect only the dy- 
namical properties of the excitations, without modifying 
universal quantities like their charge and statistics. 
Excitations. -The generic operator destroying an excitation 
along the edge can be written as 

here, the integer coefficients m, n and the Ising field x de- 
fine the admissible excitations. In the Ising sector x can 
be / (identity operator), ip (Majorana fermion) or a (spin 
operator). The operator a, due to the non-trivial operator 
product expansion axa = 1+^, leads to the non-Abelian 
statistics of the excitations [6]. The single- valuedness 
properties of the operators force m, n to be even integers 
for X = I^ijj and odd integers for x = c. The charge as- 
sociated to the operator in Eq. © is e* ^ „ = (m/4)e de- 
pending on the charged mode only. In the following we will 
indicate an (m/4)e charged excitation as m-agglomerate 
ifisll . The scaling dimension 1.22.1 of the operators in Eq. 
©is 

with 5i = 0, (5^ = 1 and 6a = 1/8 |6]. Inspection of Eq. 
^ allows the determination of the more relevant excita- 
tions. Among all the single-quasiparticle (qp), with charge 
e* = e/4, the most dominant are ^'^^^ = '^a^i.±i with 
scaling dimensions A*-^' = Act,i,±i = {Qc + 2(7n + 1) /16. 
The other most relevant excitation is the 2-agglomerate 
with charge 2e* = e/2 and operator ^t'^^ = ^'7,2.0 with 
scaling dimension A*^^^ = A/, 2,0 = 5c/4. It is worth to 
note that also the operator ^'^,2,0 has a charge e/2, but is 
less relevant because its scaling dimension is increased by 
the Majorana fermion contribution. All other excitations 
are less relevant and will be neglected in the following. 

In the unrenormalized case [g^ = Qn = 1) the single- 
qp (^''^^') and the 2-agglomerate (^''^^^) have the same 
scaling dimension, equal to 1 /4. Renormalization effects 
qualitatively change the above scenario. In particular, for 

< (l+2<^n)/3, the 2-agglomerate becomes the mostrel- 
evant excitation at low energies opening the possibility of 
a crossover between the two excitations, in agreement with 
experimental observations. Note that, due to the peculiar 
fusion rules of the a operator, the 2-agglomerate cannot be 
simply created combining two single-qp without introduc- 
ing also an excitation with a Majorana fermion in the Ising 
sector This fact suggests that, in the non-Abelian models, 
the 2-agglomerate is not simply given by a bunching of two 
quasiparticles, namely in general 7^ (^'^^')^. 
Transport properties.-ln the QPC geometry tunneling of 
excitations between the two side of the Hall bar is allowed, 
and can be described through the Hamiltonian Hj^ = 
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(0) + h.c. where R and L indi- 



cate respectively the right and the left edge, t,„ (m = 1,2) 
the tunneling amplitudes. Without loss of generality, we as- 
sume the tunnehng occurring at x = 0. At lowest order in 

Ht mm the backscattering current is Ib = Yl 
with 



me 



1 



T„,ime*V) (5) 



being V the bias, T the temperature and where Tm{E) in- 
dicates the first order Fermi's Golden rule tunneling rate. 
The differential backscattering conductance is given by 

Current noise 



G^^' with G 



(m) 



2m is another relevant quantity in or- 



der to provide information on the m- agglomerate excita- 
tions. The finite frequency symmetrized noise is Sb{^jj) = 

f^^dte-^-m6lB{t),6lBm) with 6Ib = Is - {Ib) 
with {•, •} the antic ommutator. At lowest order in the tun- 
neling, is simply given by the sum of the two contributions 

Sb{uj) = E™=i.2 Sb'\^) with 



S^b\^) = (me*)^coth 



2kBT 



lB{euj + muJo) 
(6) 

where Uq = e*V. A detailed analysis of this quantity will 
be given elsewhere [21], in this letter we will focus only on 
the zero frequency limit. One can introduce the backscat- 
tering current excess noise S^^c = Sb (0) — 4:kBTGB\v=Q 
that, in the lowest order in the tunneling, can be directly 
compared with the current noise measured in the experi- 
ments. 

Results-We will compare now the theoretical predic- 
tions with the raw experimental data for the differential 
conductance and the excess noise in the extreme weak- 
backscattering regime, taken from Ref. [Ill In the shot 
noise regime /c^T <C e*y the current in Eq. (|5} follows 
specific power-laws /b oc V"'^. Being in the shot 
regime one has the same power-laws in the excess noise 
Scxc oc The exponent a changes varying the 

voltages and it is related to the scaling dimensions in 
Eq. dU. In particular it is a = gc at very low energy, 
where the 2-agglomerate dominates. At higher voltages, 
where the single-qp dominates, it is possible to distin- 
guish two different regimes. For e*V <C uj^, where 
the neutral modes contribute to the dynamics, one has 
a = c/e/4 + 5„/2 + 1/4, while for e*V > a;„ the 
neutral modes are uneffective and the exponent reduces 
to a = (7c/4. In thermal regime ksT ^ e*V the 
conductance is independent on the voltage and scales with 
temperature like GB|y=o oc T"^^ while S'cxc oc V"^. 
In Fig. [T] we show experimental data and theoretical 
predictions for the backscattering differential conductance 
(top) and excess noise (bottom) at different temperatures. 
All curves are obtained fitting with the same values for 
the renormalization parameters (^c = 2.8, = 8.5) 




FIG. 1 . Differential conductance Gb (top) and excess noise Scxc 
(bottom) as a function of voltage. Symbols represent the experi- 
mental data, corresponding to the sample indicated with the full 
circles in Fig. 5 of Ref. 1 11], with courtesy of M. Dolev. Differ- 
ent styles indicate different temperatures: T = 27 mK (asterisks, 
short-dashed blue), T = 41 mK (triangles, dashed-dotted cyan), 
T = 57 mK (crosses, long-dashed green), T = 76 mK (squares, 
dotted magenta), T — 86 mK (circles, solid red). Fitting pa- 
rameters are: gc = 2.8, gn ~ 8.5, ujc — 500 mK, LOn = 150 mK 
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and neutral mode bandwidth (Wn = 150 mK). We also 
assume that the tunneling coefficients associated to the 
single-qp (71) and the 2-agglomerate (72) could vary with 
temperature. The fitting has been validated by means of 
the standard test and shows an optimal agreement with 
the whole sets of data. Notice that the value of the neutral 
mode bandwidth is lower than cOc = 500 mK, which is of 
the order of the gap, according with the Ref. liTsll . 
The backscattering differential conductance always 
presents a minimum at zero bias which is the signature of 
the ' mound-like' behavior generally observed for the trans - 
mission in the QPC geometry at very weak-backscattering 
[8]. For low enough temperatures, i.e. blue (short dashed) 
and cyan (long dashed) lines, one can see the dominance 
of the 2-agglomerate for low bias V ^ 50 /iV and a 
crossover region related to the dominance of the single-qp 
increasing voltages. At higher temperatures, where the 
single-qp contribution becomes relevant, the curves appear 
quite flat and voltage independent (dotted magenta and 
solid red lines). This is a signature of the ohmic behaviour 
reached in the thermal regime e*V <^ kBT. Notice 
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FIG. 2. Effective charge, in unit of the electron charge, as a func- 
tion of temperature. Circles with error bars are the experimental 
data of Fig. 5 of Ref. [11], with courtesy of M. Heiblum. Trian- 
gles are the effective charges obtained from the theoretical curves 
of excess noise in Fig[T] 



that the presence of renormalizations for the charged and 
neutral modes is crucial in the fit. 

Let us discuss now the excess noise curves. At high 
temperature (low bias) they present an almost parabolic 
behavior as expected for the thermal regime. Nevertheless 
this behavior is also present for e*V ^ ksT. This 
effect is not universal and it is due to the peculiar scaling 
dimension of the 2- agglomerate and to the value of the 
charge mode renormalization. At high bias (V ~ 100 fiY) 
the lowest temperature curve deviates from the quadratic 
behavior as a consequence of the single-qp contribution. 
In Fig. |2]we compare the effective charge Coff (triangles), 
calculated from our theoretical curves using a sirigle 
parameter fitting procedure, with the results of Ref. [Illll 
(circles with error bars). This result reinforces the idea that 
the evolution of the effective charge, as a function of the 
temperature, is essentially due to the crossover between 
the single-qp and the 2- agglomerate contributions. 

Conclusions.- We fit recent experimental data on differ- 
ential backscattering conductance and excess noise in a 
quantum point contact geometry for filling factor = 5/2 
in the weak back-scattering regime, demonstrating that 
the tunneling excitation has a charge double of the funda- 
mental one at very low temperatures. In order to fit the 
experimental data, it is essential to assume the presence 
of interactions which renormalize the scaling behavior. 
We present a model for them in terms of the coupling 
of the system with the ubiquitous non-equilibrium 1/f 
noise. This external coupling only affects the dynamical 
properties of the system, such as the scaling dimension, 
but does not change universal quantities, i.e. charge and 
statistics of the excitations. The presented phenomenology 
is also consistent with other models for the v = 5/2 
state and it is not restricted to the considered anti-Pfaffian 
model. 
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